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Layerwise Theory for Dynamic Buckling and Postbuckling
of Laminated Composite Cylindrical Shells

M. R. Eslami,¤ M. Shariyat,† and M. Shakeri‡

Amirkabir University of Technology, Tehran 15914, Iran

A general layerwise theory for dynamic buckling and postbuckling of imperfect multilayered composite circular
cylindrical shells is introduced. In contrast to the conventional displacement-based layerwise theories that are
more suitable for semianalytical solutions and kinematic boundary conditions, the present method includes the
displacement and stress components at the same time. Thus, the method provides an ef� cient formulation where
both kinematic and force boundary conditions can be exactly satis� ed. To use the exact expressions of strain and
stress components, the full Green’s strain tensor for large de� ections of circular cylinders is employed.Then almost
no simpli� cation is made in the development of the governing equations. The applied loads can be composed of
various mechanical loads (axial compression, external pressure, external � uid pressure, and torsion or a combina-
tion of them). Accuracy and convergence of the present theory, in comparison with the three-dimensional elasticity
approaches proposed so far, are higher and more effective. Finally, a few examples of various references that have
used different theories are reexamined for comparison purpose.

Introduction

C OMPOSITE structures in general have a low transverse shear
modulus comparedwith the metallic ones. To achieve a higher

strength, the composite components are chosen thicker. As a con-
sequence, the transverse shear and transverse normal stresses play
a more important role in the analysis of composite laminated struc-
tures than in metallic ones.

Investigationsof the bucklingphenomenonof circularcylindrical
composite shells are concentrated on the static buckling of perfect
shells. Recent investigationsappear in Refs. 1–14.

The classical nonlinear shell theory suggested by Donnell,15

which has formed the basis of many investigationsin bucklinganal-
ysis of shells, does not include the transverse shear and normal
stresses and strains. However, Donnell’s equilibrium and stability
equations are used to predict the buckling behavior of composite
laminated shells. For example, see Refs. 16–20. Results of the work
of Kardomateas12 reveal that neglectingthese terms in the governing
equations can lead to up to 120% error in predictionof the buckling
loads.

In many references the effects of the transverse normal and
shear stresses and strains are considered by means of higher-
order strain-displacementexpressions.5;21 – 25 Recently,a high-order
shear-deformationtheory, which is very ef� cient in satisfying stress
anddisplacementboundaryconditions,was proposedby Eslami and
Shariyat.26

In the works mentioned, the composite laminated shell is mod-
eled by the equivalent single-layer theory.27 According to this the-
ory, the composite laminate is modeled by a single layer where the
displacementcomponentsand their � rst derivativesacross the thick-
ness are approximated by continuous functions. Although these
theories provide a suf� ciently accurate description of the global
laminate response, they are not capable of accurately determining
interlaminarstressesnear discontinuitiessuch as holes, traction-free
edges, and layer interfaces. For determining the three-dimensional
stress � eld at the ply level, another class of theories, called layer-
wise theories, is provided. Improvement of these types of theories
is mainly due to Robbins and Reddy27 and Reddy and Savoia.28
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Although the proposed formulations can produce much more accu-
rate results, they are displacement based and suffer from the point
that moment, force, or stress boundary conditions (for example,
simply supported edge conditions) cannot be incorporated accu-
rately.

More recently, the authors of Refs. 9–13 have proposed some
formulations to employ the three-dimensional elasticity theory for
buckling analysis of orthotropic cylindrical shells. The proposed
formulationsare given for static buckling analysis of perfect single-
layer-thick orthotropic shells. Eslami and Shariyat29 have used the
three-dimensional elasticity theory with the full nonlinear Green’s
strain tensor to study the buckling and postbucklingof perfect and
imperfect orthotropic cylindrical shells. This study, which is re-
stricted to single-layer cylindrical shells, includes the mechanical
and thermal buckling analysis and discusses the full satisfaction of
the kinematic as well as force boundary conditions.

The objectiveof the presentpaper is to developa layerwise theory
that possesses full three-dimensionalmodeling capabilityand satis-
� es both displacement and stress (or force and moment) boundary
conditions. For this purpose, all of the strain and stress compo-
nents are considered in the formulations and the exact expressions
of strain-displacementcomponents are derived by means of the full
Green’s strain tensorfor largede� ectionsof imperfectcircularcylin-
drical shells. The dynamic loads are assumed to includemechanical
loads such as axial compression, external pressure, external � uid
pressure, and torsion or a combination of them. No simpli� cation
other than the Kantorovich type of solution is made. One of the ma-
jor advantages of the proposed theory over the three-dimensional
elasticity analysis (such as the accurate and general one proposed
by Eslami and Shariyat29 ) is that the solution of full nonlinear gov-
erning equations of the present analysis shows more convergency.
The resulting equations are solved using a fourth-order� nite differ-
ence method with respect to spatial coordinates and a fourth-order
Runge–Kutta method for time marching. An iterative scheme of
solution is used in each time step to improve the results. Buckling
loads are predicatedbased on Ref. 30 or increasingamplitude crite-
ria. Finally, for comparison purposes, examples of some references
that have employed various theories are reexamined to see the im-
provement offered by the present approach.

Formulation
Strain-Displacement and Stress-Strain Expressions

To determine the dynamic buckling loads, the dynamic response
of a cylindricalshell under a time-varyingload must be investigated.
This approachrequires that the behaviorof the shell slightlybeyond
the bucklingpoint (postbuckling) be studied, too. The Green’s strain

1874



ESLAMI, SHARIYAT, AND SHAKERI 1875

tensor for large deformations in its general form in curvilinear co-
ordinates can be written as31

Ei j D 1
2

¡
Ui j j C U j ji C U® ji U ® j j

¢
.1/

where the symbol j stands for covariantderivative.The tensorial and
physical componentsof the strainsand displacementscan be related
through the following expressions:

u i D
p

gii Ui D
p

gii U
i ; ²i j D

p
gii

p
g j j Ei j .2/

where gi j and gi j are the Euclidean metric and the associated met-
ric tensors, respectively. Expansion of Eq. (1) leads to the strain-
displacement relations of a perfect circular cylindrical shell. These
equations, after rearrangement and employing Eq. (2), are

²rr D w;r C 1
2

£
.w;r /

2 C .v;r /
2 C .u ;r /

2
¤

²µµ D .1=r/.v;µ C w/ C .1=2r 2/
£
.v;µ C w/2 C .w;µ ¡ v/2 C .u ;µ /2

¤

²x x D u ;x C 1
2

£
.w;x /2 C .v;x /2 C .u;x /2

¤

(3)

²rµ D .1=2r /[rv;r C .w;µ ¡ v/.w;r C 1/ C .v;µ C w/v;r C u;r u ;µ ]

²r x D 1
2 [w;x .1 C w;r / C u ;r C v;r v;x C u;r u ;x ]

²x µ D 1
2 [v;x C.1=r /u ;µ ]C.1=2r/[v;x .v;µ Cw/Cu ;µ u;x Cw;x .w;µ ¡v/]

where u; v, and w are the displacement components in the axial,
circumferential, and radial directions, respectively. For an imper-
fect shell, some initial strains exist due to the initial deformations
of the shell. These imperfectionsare usually in the radial direction.
(Considering the presence of initial axial and circumferential im-
perfections does not alter the generality of the present discussion.)
If w0 is the initial radial imperfection, then one may assume the
initial strains as ²i j0 ´ ²i j0.w0/. Expressions of these strains can be
obtained from Eq. (3) by substituting u; v D 0 and w D w0. Thus,
strains due to loading are derived by subtracting the � nal strains
from the initial strains:

²i j D Q²i j ¡ ²i j0 .4/

where Q²i j ´ Q²i j .u; v; w C w0/ are the � nal strains. Therefore, re-
ferring to Eqs. (3) and (4), the strain-displacement relations for
imperfect shells become

²rr D w;r C 1
2

£
.w;r /

2 C 2w;r w0;r C .v;r /
2 C .u ;r /

2
¤

²µµ D .1=r/.v;µ Cw/C.1=2r 2/
©
.v;µ CwCw0/2 C [.wCw0/;µ ¡v]2

C .u ;µ /2 ¡ w2
0 ¡ .w0;µ /2

ª

²x x D u ;x C 1
2

£
.w;x /2 C 2w;x w0;x C .v;x /2 C .u;x /2

¤

²r µ D 1
2
v;r C .1=2r /[.w;µ ¡ v/.w;r C 1/ ¡ vw0;r C w;r w0;µ (5)

C w;µ w0;r C .v;µ C w C w0/ v;r C u ;r u ;µ ]

²r x D 1
2 [w;x .1 C w;r / C w0;x w;r C w0;r w;x C u ;r C v;r v;x C u;r u ;x ]

²xµ D 1
2
[v;x C .1=r/u ;µ ] C .1=2r/[v;x .v;µ C w C w0/ C u;µ u ;x

C .w C w0/;x .w;µ ¡ v/ C w;x w0;µ ]

The stress-strain relation of an orthotropic body in the orthotropic
axes can be expressed as

f¾ ¤g D [Q]f²¤g .6/

where f¾ ¤g and f²¤g are the stress and strain components and [Q]
is the stiffness matrix, in the orthotropicaxes,

[Q] D [S]¡1 .7/

and

[S] D

0

BBBBBBBBBB@

1=E1 ¡º21=E2 ¡º31=E3 0 0 0

¡º12=E1 1=E2 ¡º32=E3 0 0 0

¡º13=E1 ¡º23=E2 1=E3 0 0 0

0 0 0 1=2G12 0 0

0 0 0 0 1=2G13 0

0 0 0 0 0 1=2G23

1

CCCCCCCCCCA

(8)

The transformation of the stress and strain tensors from the or-
thotropic axes of the shell to the geometrical coordinates yields the
relation between the stress and strain components in these coordi-
nates as

f²g D [ NT ]f²¤g; f¾ g D [ NT ]f¾ ¤g .9/

or, regarding Eqs. (6–9),

f¾ g D [ NQ]f²g .10/

where the transformed stiffness matrix in geometrical coordinates
[ NQ] is

[ NQ] D [ NT ][Q][ NT ]¡1 .11/

and where [ NT ] is the transformationmatrix that is de� ned as

[ NT ] D

0

BBBBBBBBB@

1 0 0 0 0 0

0 cos2 µ sin2 µ 0 0 sin 2µ

0 sin2 µ cos2 µ 0 0 ¡sin2µ

0 0 0 cosµ sin µ 0

0 0 0 ¡sinµ cosµ 0

0 ¡0:5 sin 2µ 0:5 sin 2µ 0 0 cos2µ

1

CCCCCCCCCA

(12)

Development of Hamilton’s Functional
The equations of motion can be derived by using Hamilton’s

principle. Hamilton’s principle for an elastic body in the absenceof
body forces is32

Z t2

t1

( Z

S

Z rout

rin

.¾i j ±²i j C ½ Rui ±u i / dr ¢ dS ¡ ±Ä

)
dt D 0 .13/

where ½ is the densityper unit volume and Ä is the work done by the
external forces. According to Brush and Almroth,33 for a circular
cylindrical shell under external � uid pressure, this work is equal to

Ä D p
Z

NS

µ
Nw C

1

2Nr
¡
Nv2 ¡ Nv Nw;µ C Nv;µ Nw C Nw2

¢¶
d NS .14/

where NS is the external surface of the shell and Nv and Nw are the cir-
cumferential and radial displacement components of this surface.
For a shell under external pressure,only the � rst term in the preced-
ing integral will appear.33 The increments of the strain components
can be readily found from Eq. (5). After some rearrangement, these
expressions are

±²rr D u ;r ±u;r C v;r ±v;r C [1 C .w C w0/;r ]±w;r

±²µ µ D .1=r/f¡.1=r /[.w C w0/;µ ¡ v]±v C [1 C .1=r/.v;µ C w

C w0/]±w C .1=r/u ;µ ±u ;µ C [1 C .1=r/.v;µ C w C w0/]±v;µ

C .1=r/[.w C w0/;µ ¡ v]±w;µ g

±²x x D .1 C u;x /±u ;x C v;x ±v;x C .w C w0/;x ±w;x
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±²rµ D .1=2r/f¡[1 C .w C w0/;r ]±v C v;r ±w C u ;µ ±u ;r

C .r C v;µ C w C w0/±v;r C [.w C w0/;µ ¡ v]±w;r

C u ;r ±u;µ C v;r ±v;µ C [1 C .w C w0/;r ]±w;µ g

±²r x D 1
2
f.1 C u;x /±u ;r C v;x ±v;r C .w C w0/x ±w;r C u ;r ±u;x

C v;r ±v;x C [1 C .w C w0/;r ]±w;x g

±²µ;x D .1=2r/f¡.w Cw0/;x ±v Cv;x ±w C .1Cu;x /±u ;µ Cv;x ±v;µ

C .w C w0/;x ±w;µ C u ;µ ±u ;x C [r C .v;µ C w C w0/]±v;x

C [.w C w0/;µ ¡ v]±w;x g (15)

Substituting Eq. (15) in Eq. (13) leads to

Z t2

t1

(( Z

S

"" Z rout

rin

³³
½ Ru±u ¡ 1

r

»
1
r

¾µ [.w C w0/;µ ¡ v]

C ¾rµ [1 C .w C w0/;r ] C ¾µ x .w C w0/;x ¡ ½r Rv
¼

±v

C 1
r

»
1
r

¾µ .r C v;µ C w C w0/ C ¾rµ v;r C ¾µ x v;x C ½r Rw
¼

±w

C
»

¾r u ;r C 1
r

¾rµ u ;µ C ¾r x .1 C u;x /

¼
±u ;r C

»
¾r v;r

C 1
r

¾r µ .r Cv;µ Cw Cw0/C¾r x v;x

¼
±v;r C

»
¾r [1C.w Cw0/;r ]

C 1
r

¾r µ [.w C w0/;µ ¡ v] C ¾rx .w C w0/;x

¼
±w;r

C 1
r

»
1
r

¾µ u ;µ C ¾rµ u;r C ¾µ x .1 C u;x /

¼
±u ;µ

C 1
r

»
1
r

¾µ .r C v;µ C w C w0/ C ¾rµ v;r C ¾µ x v;x

¼
±v;µ

C 1
r

»
1
r

¾µ [.w C w0/;µ ¡ v] C ¾rµ [1 C .w C w0/;r ] C ¾µ x

£ .w C w0/;x

¼
±w;µ C

»
¾x .1 C u ;x / C ¾r x u ;r C 1

r
¾µ x u;µ

¼
±u;x

C
»

¾x v;x C ¾r x v;r C 1
r

¾µ x .r C v;µ C w C w0/

¼
±v;x

C
»

¾x .w C w0/;x C ¾r x [1 C .w C w0/;r ] C 1
r

¾µ x [.w C w0/;µ

¡ v]

¼
±w;x

´́
¢ dr

##
¢ dS ¡

Z

NS

p

2Nr
f.2 Nv ¡ Nw;µ /± Nv

C [2Nr C . Nv;µ C 2 Nw/]± Nw C Nw± Nv;µ ¡ Nv± Nw;µ g ¢ d NS
))

¢ dt D 0

(16)

In derivation of Hamilton’s functional, as given by the preceding
expression, the works of lateral forces are included explicitly. The
works of the external loads applied to the ends of the shell are not
explicitly considered. However, the effects of these end forces are
considered when force boundary conditions are applied.

Integratingbyparts in the x and µ directionsleads to the following
expression for Eq. (16):
Z t2

t1

( Z

S

" Z rout

rin

»
½ Ru ¡

µµ
1
r

¾µ u ;µ C ¾rµ u;r C ¾µ x .1 C u ;x /

¶

;µ

C [r¾x .1 C u ;x / C r¾r x u ;r C ¾µ x u;µ ];x

¶¼
±u

C [r¾r u;r C¾rµ u ;µ Cr¾r x .1Cu;x /]±u ;r ¡
»µ

1
r

¾µ [.w Cw0/;µ ¡v]

C ¾r µ [1 C .w C w0/;r ] C ¾µ x .w C w0/;x ¡ ½r Rv
¶

C
µ

1
r

¾µ .r C v;µ C w C w0/ C ¾rµ v;r C ¾µ x v;x

¶

;µ

C [r¾x v;x C r¾r x v;r C ¾µ x .r C v;µ C w C w0/];x

¼
±v

C [r¾r v;r C ¾rµ .r C v;µ C w C w0/ C r¾rx v;x ]±v;r C
»

1
r

¾µ

£ .r C v;µ C w C w0/ C ¾r µ v;r C ¾µ x v;x C ½r Rw ¡
µ

1
r

¾µ

£ [.wCw0/;µ ¡v]C¾rµ [1C.wCw0/;r ]C¾µ x .wCw0/;x

¶

;µ

¡[r¾x

£ .wCw0/;x Cr¾r x [1C.wCw0/;r ]C¾µ x [.wCw0/;µ ¡v]];x

¼
±w

C [r¾r [1C .w C w0/;r ] C¾rµ [.w C w0/;µ ¡ v] C r¾r x .w C w0/;x ]

£ ±w;r ¡ p. Nv ¡ Nw;µ /± Nv C [Nr C . Nv;µ C Nw/]± Nw
#

dµ ¢ dx

)
¢ dt D 0

(17)

Layerwise Formulations
A Kantorovich type of approximation is used to derive the gov-

erning equations of the imperfect, multilayered composite shell.
Accordingly, variations of the displacement components through
the shell thickness are assumed independent of their variations in
the x and µ directions. Furthermore, displacement variation trends
within the kth layer are assumed to be different from those of the
neighboring layers. Therefore, we can write

u.k/

i .r; µ; x; t/ D hÁ.r/i.k/fUi .µ; x; t/g .k D 1; : : : ; N /

(18)

where hÁ.r /i.k/ is the shape function matrix of the kth layer and
fUi .µ; x; t/g is thedisplacementvectorof gridpointschosenthrough
the thickness of the layer to enable approximation of the displace-
ment components’ variations in this direction. Then, if (n C 1) grid
points are adopted, an alternative form of Eq. (18) is

u.k/
i D

n.k/X

j D 0

£
U .k/

i

¤
j
¢ Á

.k/
j .r/ .k D 1; : : : ; N / .19/

Because (n C 1) points are selected in each layer, the approxima-
tion functions Á j .r/ are assumed to be polynomials of order n. A
more suitable interpolationpolynomialin the form of Eq. (19) is the
Lagrange interpolatingpolynomial, in this situation,

Á j .r / D
nY

i D 0
i 6D j

r ¡ ri

r j ¡ ri
.20/

hence,

u i;r D
nX

j D 0

Á j;r ¢ .Ui / j D
nX

j D 0

nX

s D 0
s 6D j

1
r j ¡ rs

nY

i D 0
i 6D j
i 6D s

r ¡ ri

r j ¡ ri
.Ui / j (21)
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and

±u.k/

i D
n.k/X

j D 0

±
£
U .k/

i

¤
j
¢ Á

.k/

j .r/ .k D 1; : : : ; N / .22/

where ±[U .k/

i ] j are values of ±u i in the grid points. As may be noti-
ced, each point of the shell has three degreesof freedom:U .k/

j ; V .k/

j ,
and W .k/

j . It is evident that these terms are repeated in the interpo-
lating polynomials of the neighboring layers for grid points located
at the common interface. Therefore, if Eq. (22) is substituted into
Eq. (17), the terms are rearranged with respect to ±U .k/

j ; ±V .k/

j , and
±W .k/

j , and it is noted that these valuesare arbitraryand nonzero, the
resulted governing equations for internal points of each layer are

Z rk C 1

rk

³»µ
1
r

¾µ u ;µ C ¾rµ u;r C ¾µ x .1 C u;x /

¶

;µ

C [rf¾x .1 C u;x /

C r¾r x u;r C ¾µ x u ;µ g];x ] ¡ ½ Ru
¼

Á
.k/

j C fr¾r u ;r C ¾rµ u ;µ

C r¾r x .1 C u ;x /gÁ.k/

j;r

´
¢ dr D 0

Z rk C 1

rk

³»
1
r

¾µ [.w C w0/;µ ¡ v] C ¾r µ [1 C .w C w0/;r ]

C ¾µ x .w C w0/;x ¡ ½r Rv
¼

C
»µ

1
r

¾µ .r C v;µ C w C w0/

C ¾rµ v;r C ¾µ x v;x

¶

;µ

C [r¾x v;x C r¾r x v;r C ¾µ x .r C v;µ

(23)

C w C w0/];x

¼
Á

.k/

j ¡ [r¾r v;r C ¾rµ .r C v;µ C w C w0/

C r¾r x v;x ]Á.k/

j;r

´
¢ dr D 0

Z rk C 1

rk

³»
1
r

¾µ .r C v;µ C w C w0/ C ¾rµ v;r C ¾µ x v;x C ½r Rw

¡
µ

1
r

¾µ [.wCw0/;µ ¡v]C¾rµ [1C.wCw0/;r ]C¾µ x .wCw0/;x

¶

;µ

¡ [r¾x .w C w0/;x C r¾r x [1 C .w C w0/;r ] C ¾µ x [.w C w0/;µ

¡ v]];x

¼
Á

.k/
j C [r¾r [1 C .w C w0/;r ] C ¾rµ [.w C w0/;µ ¡ v]

C r¾r x .w C w0/;x ]Á.k/

j;r

´
¢ dr D 0

and for grid points located in the interfaces,
Z rk

rk ¡ 1

³»µ
1
r

¾µ u;µ C ¾r µ u ;r C ¾µ x .1 C u ;x /

¶

;µ

C [r¾x .1 C u ;x /

C r¾r x u ;r C ¾µ x u ;µ ];x ] ¡ ½r Ru
¼

Á
.k¡1/

n.k ¡ 1/ ¡ fr¾r u;r C ¾rµ u ;µ

C r¾r x .1 C u;x /gÁ.k ¡ 1/

n.k¡1/ ;r

´
¢ dr C

Z rk C 1

rk

³»µ
1
r

¾µ u;µ C ¾rµ u ;r

C ¾µ x .1 C u;x /

¶

;µ

C [r¾x .1 C u;x / C r¾r x u;r C ¾µ x u ;µ ];x ]

¡ ½r Ru
¼

Á
.k/

0 ¡ fr¾r u ;r C ¾rµ u ;µ C r¾r x .1 C u;x /gÁ.k/

0;r

´
¢ dr D 0

Z rk

rk ¡ 1

³»
1
r

¾µ [.wCw0/;µ ¡v]C¾rµ [1C.wCw0/;r ]C¾µ x .wCw0/;x

¡ ½r Rv
¼

C
»µ

1
r

¾µ .r C v;µ C w C w0/ C ¾r µ v;r C ¾µ x v;x

¶

;µ

C [r¾x v;x C r¾r x v;r C ¾µ x .r C v;µ C w C w0/];x

¼
Á

.k ¡ 1/

n.k ¡ 1/

¡ [r¾r v;r C ¾rµ .r C v;µ C w C w0/ C r¾rx v;x ]Á.k ¡ 1/

n.k ¡ 1/ ;r

´
¢ dr

Z rk C 1

rk

³»
1
r

¾µ [.wCw0/;µ ¡v]C¾r µ [1C.wCw0/;r ]C¾µ x .wCw0/;x

¡ ½r Rv
¼

C
»µ

1
r

¾µ .r C v;µ C w C w0/ C ¾r µ v;r C ¾µ x v;x

¶

;µ

C [r¾x v;x C r¾r x v;r C ¾µ x .r C v;µ C w C w0/];x

¼
Á

.k/

0 (24)

¡ [r¾r v;r C ¾rµ .r C v;µ C w C w0/ C r¾rx v;x ]Á.k/

0;r

¢
¢ dr D 0

Z rk

rk ¡ 1

³»
1
r

¾µ .r C v;µ C w C w0/ C ¾rµ v;r C ¾µ x v;x C ½r Rw ¡
µ

1
r

¾µ

£ [.w C w0/;µ ¡ v] C ¾r µ [1 C .w C w0/;r ] C ¾µ x .w C w0/;x

¶

;µ

¡ [r¾x .w C w0/;x C r¾r x [1 C .w C w0/;r ] C ¾µ x [.w C w0/;µ

¡ v];x

¼
Á

.k ¡ 1/

n.k ¡ 1/ C [r¾r [1 C .w C w0/;r ] C ¾rµ [.w C w0/;µ ¡ v]

C r¾r x .w C w0/;x ]Á.k ¡ 1/

n.k ¡ 1/ ;r

´
¢ dr C

Z rk C 1

rk

³»
1
r

¾µ .r C v;µ

C w C w0/ C ¾r µ v;r C ¾µ x v;x C ½r Rw ¡
µ

1
r

¾µ [.w C w0/;µ ¡ v]

C ¾r µ [1 C .w C w0/;r ] C ¾µ x .w C w0/;x

¶

;µ

¡ [r¾x .w C w0/;x

C r¾r x [1 C .w C w0/;r ] C ¾µ x [.w C w0/;µ ¡ v]];x

¼
Á

.k/

0

C [r¾r [1 C .w C w0/;r ] C ¾rµ [.w C w0/;µ ¡ v]

C r¾r x .w C w0/;x ]Á.k/

0;r

´
¢ dr D 0

For grid points lying on the external surface of the shell, the expres-
sion [Cp.vN ¡ wN

;µ /ÁN
j .rout/] must be added to the second equation

of Eq. (23), and the expression f¡p[rout C .vN
;µ C wN /]ÁN

j .rout/g
must be added to the third one. Expressions having the superscript
N correspond to points located on the outer surface of the shell.

Numerical Solution and Buckling Criteria
The governing equations (23) and (24) include multiplications

of the stress terms in the displacement expressions.Thus, recalling
that the stresses are nonlinear functions of the displacements, the
resulting equations are coupled and are highly nonlinear functions
of the displacements. Nonlinear problems of mechanics are often
solved by adopting an incremental formulation.By the incremental
solution procedure, the real time-variant system is assumed to have
time invariancewithin each time step.
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Rearrangementof Eqs. (23) and (24) leads to equationsof the fol-
lowing type .s D 1; 2; 3I j D 0; : : : ; m/ for each layer or interface:

f m [¾i j ; Ui ; w0; Ui;x ; w0;x ; Ui;µ ; w0;µ ; . RUs/ j j j 6D m] D I k
mm . RUs /m

m D 0; : : : ; n.k ¡ 1/ (25)

g
£
¾i j ; Ui ; w0; Ui;x ; w0;x ; Ui;µ ; w0;µ ; . RUs /

.k/

j

­­
j 6D 0

;

. RUs /
.k ¡ 1/

j

­­
j 6D n.k ¡ 1/

¤
D

£
I k
00 C I k ¡ 1

n.k ¡ 1/n.k ¡ 1/

¤
. RUs/

.k/

0

h
£
¾i j ; Ui ; w0; Ui;x ; w0;x ; Ui;µ ; w0;µ ; . RUs/

.N /

j

­­
j 6D N

¤
D I N

nN nN

¡ RU N
s

¢
N

where for s D 2; 3,

I k
mn D

Z rk C 1

rk

r ¢ ½ ¢ Á.k/
m .r/ ¢ Á.k/

n .r/ ¢ dr .26/

and where for s D 1, the � rst term of the integrand, i.e., r , does
not appear. The terms U1; U2 , and U3 are equivalent to U; V , and
W , respectively. Therefore, the following expressions hold for the
displacements in the time interval 1t 20;34:

f m [ Q¾i j ; QUi ; w0; QUi;x ; w0;x ; QUi;µ ; w0;µ ; . RUs/ j j j 6D m] D I k
mm .1 RUs /m

m D 0; : : : ; n.k ¡ 1/

g
£
Q¾i j ; QUi ; w0; QUi;x ; w0;x ; QUi;µ ; w0;µ ; . RUs /

.k/

j

­­
j 6D 0

;

(27)
. RUs /

.k ¡ 1/

j

­­
j 6D n.k ¡ 1/

¤
D

£
I k
00 C I k ¡ 1

n.k ¡ 1/n.k ¡ 1/

¤
.1 RUs/

.k/

0

h
£

Q¾i j ; QUi ; w0; QUi;x ; w0;x ; QUi;µ ; w0;µ ; . RUs/
.N /

j

­­
j 6D N

¤

D I N
nN nN

¡
1 RU N

s

¢
N

in which values corresponding to the end of the time interval are
demonstrated by a tilde. Therefore

3

(
NX

k D 1

£
n.k/ C 1

¤
)

coupled and nonlinear equations in terms of 1Ui ; 1Vi , and 1Wi

are obtained. The displacements should satisfy the following initial
conditions, for x D 0; L and µ D 0; 2¼ :

1Ui D 0; 1Vi D 0; 1Wi D 0
(28)

1 PUi D PUi ; 1 PVi D PVi ; 1 PWi D PWi

The numerical solution procedure is accomplished through the
following steps:

1) The numerical solution begins with discretizing each of the
internal and external surfaces as well as the interfaces into m £ n
grid points in the axial and circumferential directions, respectively.
If more precision is required, each layer can be divided into many
virtual layers with the same mechanical properties.

2) The initial geometric deviations of the shell at the grid points
are de� ned, and the initial values of the displacement terms Ui are
set to zero.

3) Corresponding increments of mechanical loads are found.
4) Startingfrompointslyingnear the � xed edges,derivativeterms

of Ui with respect to the spatial coordinates that appear in Eqs. (5),
(23), and (24) are approximatedby a second-order� nite difference
method (the central difference method).

5) Basedon the displacementvalues (Ui ; w0 ) and their derivatives
obtained in the grid points of each layer, the strain values are com-
puted from Eq. (5). The displacement components are determined
from Eq. (19), and their derivatives are computed from a similar
equation.

6) The constitutive equations are considered, and using Eqs. (6–

12), the stress components are calculated. It is evident that this
step is not necessary for the boundary points if the stress boundary
conditions are prescribed.

7) Derivatives in Eq. (27) involving multiplication of the stress
components in the displacement terms (or their derivatives) are sub-
stituted using a fourth-order � nite difference approximation.

8) In the process of solution, time invariance for terms that ap-
peared in the � rst sides of Eq. (27) is assumed duringeach time step.
Thus, values of RUi of the left-hand side of the lower equations are
substituted from the results of the higher equations of the current
system of equations, and the remaining terms are replaced by the
values obtained in the previous iterative step of the current time in-
terval. Thus, a set of second-orderdifferential equations is derived
that can be solved using the fourth-orderRunge–Kutta method sub-
ject to initial conditions that appeared in Eq. (28).

9) When all equations in each iterative step of the current time in-
terval are solved, the maximum value of a displacementcomponent
(for example, the lateral displacementwmax ) is determined.

10) In each grid point, increments of the displacement compo-
nents (1Ui ) are added to displacement components obtained at the
end of the previoustime interval.To improve the results,the solution
is continued by using more iterations starting from step 4, until the
differenceof the successivevalues of wmax of the same time interval
becomes negligible.

11) The corrected values of Ui ; PUi obtained in this manner are
considered as initial values for the next time interval.

12) Beginning from step 3, results correspondingto the next time
step are obtained.

13) The possibility of dynamic buckling occurrence is checked.
For this purpose, variations of wmax vs time or vs applied load (ex-
ternal pressure, axial load, temperature gradient, etc.) are plotted.
Buckling load can be determined using one of the two equivalent
stability criteria stated next.

a) The generalized concept of dynamic buckling proposed by
Budiansky30 is associated with dynamic buckling of a structure
where small changes in the magnitude of loading lead to large
changesin the structureresponse.According to this criterion,abrupt
reduction in slope of the maximum lateral displacement vs load
curve (minimum slope) indicates a dynamic buckling state. The be-
havior of the structure beyond this point is called postbuckling.

b) Qualitively, if the time histories of the maximum lateral de-
formation or other modes of deformation are given for several am-
plitudes of the applied load, the critical buckling load can simply
be de� ned as the load at which a large increase in the displacement
amplitude of the deformations is seen to occur with time.16

These two criteria have a common mathematical basis and lead
to identical results.16 Postbuckling behavior can be investigated by
studying the mentioned curves beyond the buckling point. (For this
purpose, the Budiansky criterion is preferred.)

14) In the case of no bucklingpoint, the amplitudesof the applied
loads are increased, and calculations are continued starting from
step 2.

Calculations and Results
Almost all examples of the well-known references in the � eld

of dynamic buckling of composite multilayered cylindrical shells
are restricted to studying buckling under mechanical loads. Thus,
because the aims of the following examples are comparison among
results of the various theories proposed so far and veri� cation of
the results obtained using the developed formulations, the adopted
examples are consistentwith buckling under mechanical loads. Be-
sides, to avoid the occurrence of local extrema of the displacement
� eld within each layer, second-order Lagrange interpolating poly-
nomials Á

.k/

j are adopted.

Static Buckling Analysis Results
To compare the results of the present theory with those of the

higher sheardeformationequivalentlayer theories,perfectcylinders
of Ref. 5 having the followinggeometric and material propertiesare
considered:

R D 19:05 cm; R=h D 15

E11 D 206:844 £ 109 Pa; E22 D 18:6159 £ 109 Pa

E33 D 18:6159 £ 109 Pa; G12 D 4:48162 £ 109 Pa

G13 D 4:48162 £ 109 Pa; G23 D 2:55107 £ 109 Pa

º11 D 0:21; º13 D 0:21; º23 D 0:45
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Table 1 Stacking sequences used

Code number Stacking sequence

1 [03]s
2 [0=90=0]s
3 [90=0=90]s
4 [903]s
5 [452=¡45]s
6 [45=¡452]s
7 [¡45=45=¡45]s
8 [¡452=45]s
9 [302=¡60]s

Table 2 Critical axial compression, (N/m) £ £ 10¡ 6 ,
for complete � xation of the ends

Code number CL FOSD HOSDEL GLW

L=R D 1
1 82.66 53.76 34.50 32.38
2 66.64 35.46 32.40 31.26
3 32.83 23.41 21.40 21.13
4 14.71 13.82 13.22 13.04
5 28.41 18.92 17.33 16.92
6 33.76 21.61 19.45 18.86
7 36.56 23.42 21.23 20.74
8 28.41 18.92 17.33 16.92
9 57.63 28.44 24.30 22.31

L=R D 5
1 12.52 12.71 12.45 12.37
2 15.77 14.98 14.76 14.52
3 15.11 14.01 13.72 13.48
4 11.38 10.67 10.54 10.49
5 14.50 12.76 12.41 12.35
6 17.45 14.93 14.38 14.32
7 20.66 17.06 16.12 15.86
8 14.50 12.76 12.41 12.35
9 12.03 10.66 10.12 9.89

Table 3 Critical pressure, Pa £ £ 10 ¡ 3

Code number CL FOSD HOSDEL GLW

L=R D 1
1 1,847 1,771 1,765 1,758
2 6,687 6,274 6,191 6,126
3 15,671 14,286 14,196 14,147
4 20,512 18,567 18,333 18,218
5 6,226 5,805 5,743 5,689
6 6,226 5,839 5,791 5,714
7 6,226 5,853 5,826 5,804
8 6,226 5,805 5,743 5,689
9 3,144 2,999 2,985 2,974

Their stacking sequences are presented in Table 1. In Ref. 5, static
buckling of perfect circular cylindrical shells using an equivalent
layer approach is investigated by means of a displacement-based
formulation. Two load cases are considered: a uniform axial com-
pressionwith L=R D 1; 5 and a lateralpressureon a very long cylin-
der. Critical loads corresponding to classical theory (CL), the � rst-
order shear deformation theory (FOSD), the higher-order shear de-
formation and equivalent layer theory (HOSDEL) of Ref. 5, and
the present generalized layerwise theory (GLW) are presented for
axial compression (Table 2) and external pressure (Table 3). As no-
ticed fromTable 2, classicaltheory resultsoverestimatethe buckling
loads especiallyfor the shorter lengths.Table 3 reveals that for long
cylinders results of the mentioned theories become closer and the
difference becomes higher for thicker cylinders.

Another comparison is made with a conventional displacement-
based layerwise theory proposed by Reddy and Savoia.28 For this
purpose, postbuckling of two imperfect three-layered, cross-ply
(0/90/0) cylindrical shells, like those presented in Ref. 28, is in-
vestigated for different initial imperfections. The imperfection is
assumed to have the form

w0 D
MX

m D 1

NX

n D 0

W mn
0 sin

³
m¼x

L

´
cos.nµ / .29/

Fig. 1 Comparison of the postbuckling analysis results of a thin
shell. The illustrated results correspond to the internal surface at
x = 1: 1¢ ¢ -; Wmn = ¡ 0:001, Ref. 27; 2——; Wmn = ¡ 0:001, present study;
3-¢ ; Wmn = ¡ 0:01, Ref. 27; and 4——; Wmn = ¡ 0:01, present study.

where m and n are the numbers of axial half-waves and circumfer-
ential waves, respectively.

The mechanical properties of the shell are

El D 209:5 GPa; Et D 7 GPa

G lt D 3:5 GPa; G tt D 1:4 GPa

ºlt D ºtt D 0:3; h i D h=3

where subscripts l and t stand for directions along and transverse
to � bers, respectively. Two three-layered thin (h D 0:254 cm) and
moderately thick (h D 2:54 cm) shells with R D 91:4 cm and l D
254 cm are considered.

Figure 1 shows the axial load vs the axial de� ection curve of the
thin shell for two different amplitudes of initial geometrical imper-
fections. Results of Ref. 28 and results of the present analysis are
plotted simultaneously for comparison. As mentioned before, dy-
namic bucklingoccurs in pointswhere an abruptchange in displace-
ment modes (for example, axial de� ection) due to a small increase
in the applied loads is noticed. In Fig. 1, the axial load is normalized
with respect to the static buckling load of the shell. The deformed
shape and buckling modes of the cylindrical shell are shown in
Fig. 2. The major disadvantageof the analysis presented in Ref. 28
is that the boundaryconditionsare not completelysatis� ed. Because
of the incorporationof exact strain-displacementexpressions in the
present analysis, the present results are lower than the other results.
At the end portion of the buckling curve of Fig. 2, based on the
present analysis, the slope increases gradually.This is in agreement
with the results reported in Refs. 20 and 34.

The postbuckling response for the moderately thick shell is pre-
sented in Fig. 3, and the deformed shape of the shell is illustratedin
Fig. 4. A comparisonofFigs. 2 and 4 reveals that, in thick cylindrical
shells, in contrast to the thin shells, lower buckling modes are dom-
inant. That is, in the limit, the thick cylindrical shells buckle in an
axisymmetric manner.15 The difference between the predicted crit-
ical loads of these theories increases for the moderately thick shell.

Finally, a comparison with the latest three-dimensional analysis
proposedby Ref. 13 is done.The proposedformulationsof theafore-
mentioned reference are suitable for static buckling of thick per-
fect single-layer circular cylindrical shells under mechanical loads
and are based on in� nitesimal strain assumptions (linear strain-
displacement expressions). In this paper the boundary conditions
are satis� ed in average, and the results are obtained using a � nite
difference method.

Table 4 gives a comparison of the predicted loads for a very long
shell under external pressure. The critical pressures are normalized
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Table 4 Comparison of the results of various theories for cylindrical
shells under external pressure

Geometry FOSD HOSDEL40 P3D GLW

Circumferential
reinforcement
h D 6:35 mm, 0.9668 0.9637 0.9694 0.9608
h=R D 0:03; L=R D 100
h D 12:7 mm, 0.9050 0.8933 0.9148 0.8892
h=R D 0:07; L=R D 100

Axial reinforcement
h D 6:35 mm, 0.9822 0.9822 0.9817 0.9816
h=R D 0:03; L=R D 100
h D 12:7 mm, 0.9588 0.9556 0.9605 0.9528
h=R D 0:07; L=R D 100

Fig. 2 Buckling mode of the thin cylindrical shell.

Fig. 3 Comparisonof the postbucklinganalysis results of a moderately
thick shell. The illustrated results correspond to the internal surface at
x = 1: – -, Ref. 27 (Wmn = ¡ 0:001), and ——, present paper.

Fig. 4 Buckling mode of the thick cylindrical shell.

with respect to the classical theory (Donnell’s shell theory) results.
Two cases of material properties are considered:circumferentialre-
inforcement.E2 À E1; E3/ and axial reinforcement.E3 À E1; E2/.
Results of the preliminary three-dimensional analysis are denoted
by P3D.

Dynamic Buckling
As a � rst example, the buckling of a four-ply laminated im-

perfect cylindrical shell under uniform axial compression of
Refs. 35 and 17 is reexamined. The cylinder is considered to be
simply supportedwith radius R D 19:0 cm and L=R D 2. The thick-
ness of each layer is 0.0135 cm, and the laminate construction is
[0=30=60=90]. The material of each lamina is boron/epoxy, AVCO
550, with the following properties:

Ex D 207 GPa; Eµ D 18:6 GPa; G xµ D 4:48 GPa

ºx µ D ºx z D ºzµ D 0:21

The initial geometric imperfections of the shell are de� ned as

w0.x; µ / D W0h ¢ sin.¼x =L/ ¢ cos.8µ/ .30/

where W0 is the amplitude coef� cient of imperfection and h is the
total thickness of the shell.

The results of the dynamic buckling analysis performed by
Refs. 17 and 35, as well as the present results, are depicted in Fig. 5.
In the earlier results, an equivalent layer approach is adopted and
von-Kármán-type expressions of strains are chosen. The results of
Ref. 35 are based on the Hoff–Simitses criterion (the total potential
energy approach), which is explained in detail in Ref. 36, so that the
static and dynamic loads for W0 D 0 are identical. In Ref. 17, Love–

Kirchhoff assumptions are employed, and the nonlinear equations
of motion are linearized and solved using an incremental method
described in Ref. 16. As seen from Fig. 5, the reduction in buckling
loadsis diminishedas the imperfectionamplitudeincreases.In other
words, imperfection sensitivity is more noticeable in small imper-
fection amplitudes. In comparisonwith the other results, the present
formulationgives smaller critical loads. This is due to incorporation
of the exact strain-displacement relations in the governing equa-
tions. The results are compatible with the exact three-dimensional
elasticity analysis.

Figure 6 shows the effect of various impulsive loads (rectangular,
triangular,and parabolic impulsive loads) and their time durationon
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Fig. 5 Effect of imperfection amplitudeon the dynamicbuckling load:
1¢ ¢ -, Sheinman, Liaw (static); 2-¢ , Sheinman et al. (dynamic); 3¢ ¢ -, Liaw
and Yang (dynamic); 4——, present study (dynamic); and 5——, present
study (static).

Fig. 6 Effect of different types of impulsive loads and various loading
durationson the buckling loadof the cylindrical shell: ——, rectangular
impulse; - - - -, parabolic impulse; and ¢ ¢ ¢ - -, triangular impulse.

the predicted critical loads. For this purpose, the following nondi-
mensional time is used:

t¤ D N¿= N¿0 .31/

where N¿ is the pulse duration and N¿0 is the free vibration period
of the shell. In Fig. 6, Pcr is the static buckling load. These results
indicate that shell stiffness increases for a short duration of loading
(especially if the pulse duration is comparable to the hoop breath-
ing mode). For short time durations, the dynamic buckling loads
are larger than the static buckling load. It is believed that this phe-
nomenon is due to the stress wave revibrationbetween the impacted
and � xed ends of the shell.37 – 39 For a given amplitude, the step load
has a maximum curve area. Thus, as may be expected, this type
of loading has the worst in� uence on the strength of the shell. The
critical loads correspondingto the triangularimpulsive loads are the
largest.

The second example of the static analysis is reconsidered, and
the dynamic buckling due to dynamic axial load is investigated.
The results of the analysis are shown in Fig. 7. The reduction in
the dynamic buckling load for the thick shell is more than that of
the thin shell. The reason is that the effects of transverse shear and
normal stresses are more signi� cant in thick shells.

Fig.7 Comparisonbetween the dynamicandthestatic bucklingresults
of the thin and thick shells. The illustrated results correspond to the
internal surface at x = 1 and Wmn = ¡ 0:01: 1¢ ¢ -, thin shell, dynamic; 2-¢ ,
thick shell, dynamic; 3——, thin shell, static; and 4——, thick shell, static.

Conclusion
Based on the exact kinematic relations of the three-dimensional

theory of elasticity, a general layerwise theory is introduced. The
proposed formulations may be employed for dynamic buckling
analysis of cylindrical shells with various boundary conditions.Al-
though run time and instabilityof the present results are higher than
in the conventional equivalent layer theories, they pose the accu-
racy of the exact three-dimensional theory of elasticity with higher
convergency.

From the illustrated results, the following conclusions may be
deduced:

1) In comparison to the axial compression loading, results of
various theories show less difference in the case of externalpressure
loading.

2) External loadings that are applied in the form of a step function
result in minimum buckling loads.

3) Loads with time duration less than the free vibration period
lead to dynamic buckling loads that are higher than the static ones.

4)The dynamic-to-static-buckling-loadratio is smaller for thicker
shells.

5) Buckling loads predictedby the equivalent layer theoriesover-
estimate the actual buckling loads.

6) Imperfection sensitivity is more noticeable in small initial ge-
ometric deviations.

7) Lower buckling modes are more magni� ed in thicker shells.
8) Fixing the total thickness of the shell, stability increases with

increasing number of layers.
9) The in� uence of the transverse shear and normal stress is

more remarkable for smaller orthotropyratios .G i j =E1; Ei =E1/ and
thicker shells.

10) The discrepancy among various theories is greater for anti-
symmetric stacking sequences and decreases with increasing shell
length.
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